BILATERAL BIRTH AND DEATH PROCESSES(?)

BY
WILLIAM E. PRUITT

1. Introduction and summary. A bilateral birth and death process is a con-
tinuous parameter Markov process with path functions X(¢) taking on integer
values and with stationary transition probabilities

P(0)=Pr{X(t + ) =j| X(s) = i}
satisfying the order relations

Piiia() = At + o(t),

P (0

Py —y(®) = pt + o(t),

1= (4 + )t + o(v),

as t = 0. The A, y; are positive constants which determine the rate of transit on

from state i to states i +1, i — 1. »
The Markov property and the given order relations lead to the backward

differential equation
(1.1) P'(t) = AP(t), t=0,

where P(t) =(P;(t)), i,j=0,+1,+2,---, and A=(a;) with gq; ., =4,
ay=—(A+m), a;;-y =, and a,;=0 if |i—j|>1. Under additional reg-
ularity conditions, the forward equation

1.2) P'(t) = P(t)A, t=0,
can also be derived. The initial condition is

where I is the identity matrix. In order to be a transition probability matrix,
P(t) should satisfy

14 P()20, P@Me=e,
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where eis a vector with all components equal to one. The inequality in the second
member of (1.4) allows for the possibility that X(f) = + oo with positive pro-
bability. The Markov property also leads immediately to the Chapman-
Kolmogorov equation or semi-group property

(1.5) P(s + t) = P(s)P(1).

Associated with the matrix A are several systems of orthogonal polynomials.
The purpose of this paper is to obtain an explicit expression for the Laplace
transform of every solution of (1.1)—(1.5) in terms of these polynomials and some
associated limit functions. The particularly simple form of the polynomials makes
it possible to consider the asymptotic behavior of the Laplace transform near
the origin and in this way to find limit theorems for the underlying process. Some
of these limit theorems will be considered in a future paper.

The important properties of the associated systems of orthogonal polynomials
and their limit functions are given in §2. These are used extensively in the re-
mainder of the paper. In §3 the Laplace transform of the minimal solution of
(1.1)-(1.5) is obtained. Necessary and sufficient conditions are given for this to
be the unique solution. The Laplace transforms of all solutions are found in §4
for the cases where nonuniqueness exists.

The Laplace transform of the general solution of the analogues of (1.1)-(1.5)
for the unilateral birth and death process was derived by Feller in [3]. Karlin
and McGregor found expressions for Laplace transforms in terms of orthogonal
polynomials for these unilateral processes in [5]. Feller has also treated bilateral
pure birth processes in [2]. Some probabilistic results which exhibit the useful-
ness of the representations in terms of the polynomials are given by Karlin and
McGregor in [6]and [7].

The methods used in the general construction are similar to those employed
by Feller for the unilateral process in [3]. It would also have been possible to
obtain these results from Feller’s work on general Kolmogorov differential
equations in [2], but the degree of difficulty would be about the same and under
these circumstances it was considered more desirable to keep the paper as self-
contained as possible.

2. The related systems of orthogonal polynomials. The purpose of §2 is to
collect some results on the associated systems of orthogonal polynomials and
their limit functions. Most of these results are well known and, in fact, some
of them are summarized by Karlin and McGregor in [5]. Others are essentially
contained in some of Feller’s proofs in [3]. However, many of the statements
do not seem to be readily available for reference so they are included here for
completeness.

The fundamental systems of orthogonal polynomials {Q}(s)} are defined by

$Qu(8) = tnQn-1(8) — (An + 1)Qn(s) + 4,0741(5),
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for all n, « =0,1, or more compactly by

sQ*(s) = AQ%(s), a=0,1,
and the normalizing conditions

04(s) = Ogps a, f=0,1.

If Qu(s) and Q;(s) are specified, that completely determines a solution of
sQ(s) = AQ(s), so the general solution of this equation is

(2.0) 04(5) = Qo(5)2n(5) + Q4(5)2 ().

In much of the following, the polynomials will be considered as functions of
n with s fixed and the dependence on s will be suppressed when it is convenient
to do so. The domain of the polynomials that will be of interest is the positive
reals, and in the results stated below it is to be assumed throughout that s, u and
v are positive.

A sequence of positive constants 7, is defined by

- =)'0)‘1“"1n—1 1 _ Hol—1"""H-n+1

s - = N n>0.
Hild2 - Uy " )'—1}‘—2 o A'—n

7t0=1,

This sequence is defined in such a way that 4,%, = p,, 7,4+, for all n. Another
important class of polynomials is defined by

2.1 Hyy1(s) = Ama[Qa+1(s) — Qo(5)], a=0,1
The recurrence relation may now be written
SQ;TL’,, = lnnu(Qz-l-l - Q:) - Zn—l“n-l(Q: - Q:—l) = H:+l - H:»

and, consequently
@D 5 0= 4@ = 0D~ Ani-1(0h = Ooet) = Hiv = Hi
In particular,
@3) s  Qlm= A (@b = 0D — o
and it follows by induction that
1= Q{ < Q; < e < in<
A similar method shows that

0=0{>0L,>-->QL, >

Therefore Q,'is an increasing sequence so that H, >0 for all n. Furthermore (2.2)
and th positivity of Q! for positive n imply that H! is an increasing sequence
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for n = 1. The corresponding results for the other systems are: Q° isa decreasing
sequence, H® <0, and —H? is a decreasing sequence for n < 1.

It is clear from the monotone nature of the {Q;} and {H;} sequences that they
will either converge or tend to infinity. By considering the sequences as poly-
nomials, it is possible to apply the following result of Stieltjes in order to obtain
a criterion for when the convergence takes place. A proof is given in [5, pp.
504-505].

The following statements are equivalent:

(1) As n — o, Q%(s) converges for every complex s, uniformly in every circle
|s| < R;

(2) Qi(s) is bounded as n — oo for at least one s > 0;

(3) The series

@ 1 n
(2.4) n§1 )'nnn iglﬂi
converges.
For the {H(s)} systems the series (2.4) should be replaced by
0 n—1 1
) I X

the result being otherwise unchanged. For the {Q}(s)} systems again, but for
n — — oo, the criterion for convergence is the convergence of the series

-1 1 -1
(2.6) z X om,

n=-o )'nnn i=n+1
and for the {Hj(s)} systems as n — — o, the series is

-1 -1

.7 X =,

1
n=—w i=n )'ini

When the limit functions exist they will be denoted by Q%(s), Hy(s), Q% »(s),
and H® (s). Because Q) — co when it does not converge, the expression
lim,_, ., 1/Q} will always be written 1/Q% with the obvious interpretation that
this is to be zero when Q! diverges. Analogous remarks apply to the other
systems and to n » — .

The convergence of the various sequences of polynomials will play an important
role in the subsequent development. In order to be able to describe easily the
various possibilities that arise, the boundary terminology of Feller [1; 2; 3]
will be employed. The boundary at infinity will be called:

regular if (2.4) and (2.5) converge,

exit if (2.4) converges and (2.5) diverges,
entrance if (2.4) diverges and (2.5) converges,
natural if (2.4) and (2.5) diverge.
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The corresponding definitions apply to the boundary at minus infinity with the
series (2.4), (2.5) replaced by (2.6), (2.7), respectively.
If Q, is defined by (2.0), then it follows from (2.2) that

n
(2.8) s X Oy =Hpyy — Hy,
k=m
where H, = Q,H? + Q,H}. A computation shows that

Ch u) 2 Qk(u)Qf(v)ﬂk = H}..1(1)Q5(u) — Hy ,()Q7(v)

— HS(0)Q5— () + H(u)Q%_,(v)
for a, B =0, 1. Therefore, if

1 1
HOEDY of;‘(S)Q.’.(S), g&E®=X of:’(S)H.’.(S), a=1,2,
y= y=
then

=02 L@EOR = 200 - g @O
) — 2O W) + gAWf2-1(0).
Some further identities that are now readily obtained are:
(2.10) 4,my(Qn+1Qn — Qn+10Qn) = HpesQp — Hpy1Qa = 2o,
(2.11) HC, H! - H! H? = smnl,

(2.9)

2.12) ,12__.1__=_%_1_,1§_1_____5.
) ok 1AmQi0k + 1 .l.+1 Ok m AT Q30% 41 5’
HY,, H}
@13) oo E s = 1 l°“2 - mH - Lt

1The series in (2.12) converge, for consider

1 e HP (11| _ gl 1
1°211knkaQk+1 IH,‘H{Qz Q:1:+1} Z:‘Q Q;ﬂ’

1
=1-——<1
Qi1
A similar argument applies to the other series. Therefore, for s > 0, let
5 1 Qa(s)
U(s)= 4y X — lim
0= b & IOl e 05O
-1
Us)=4o T ! - O)

k= -0 4TG0+ 1(5) n--w Qo( )
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It is important to observe here that no assumption has been made concerning the
limiting behavior of the individual {Q}} sequences so that the functions U,, U,
always exist. A careful examination of the convergence argument gives the upper
estimates

1 1
E, U0<1—_—Q2w

In particular, this implies the positivity of the function U(s) =1 — Uy(s)U,(s).
The convergence of the series in (2.13) now follows, for, by (2.10),

(2.14) U, <1-

H? yl QS
2.15 1-/1s): = e T e T
( ) o HIH,‘.'.I Hn+1 H}+1Q1} Qt}

The right hand side is known to have a limit as n — oo, and therefore

o Hp A
@16t T =l e U

Similarly

0 1
Q17 1=l X —onk lim JIn %o

———— = — =" 1 U,.
k=—o HYHS 44 o H° 0°, o

The following lemma will be useful throughout the paper in the proof of certain
positivity results.

LemMa 2.1. Let f, = f,0° + f,QL . Then f, = 0for all n if and only if
(2.18) fi—=Uifo20 and fo — Uyf; 20.

These conditions are equivalent to f, 20 and f__ = 0, respectively, when these
Sfunctions exist. :

Proof. Suppose f, = O for all n. Then, for n 2 1,
1]
QR _foso,

0, 0}
and the first inequality in (2.18) results from letting n — co. The other inequality
follows from the non-negativity of f,/Q° for negative n. Now let (2.18)
hold. Then f, = U,f, = U,U,f; or f,U = 0. Therefore f; = 0 since U > 0, and
then fo 2 Uof, 20. For n 2 2, f, = QX(f1 + £oQ%/Q}), which shows that f, is
non-negative since Q%/Q} decreases monotonically to — U,;. The proof for
negative n is similar.

The functions

Fo(9) = Us()Q(s) + Q2(s),  FO) = @(s) + Uo(s)Q5(s)

fi+fo
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are seen to be non-negative by an application of Lemma 2.1. Furthermore, if
Gr(s) = Uy(DHA(s) + HA(s),  G(s) = H,(s) + Uo(s)Hy(s),

then by (2.8) and (2.9),

(2.19) s X Fim,=Ghyy — Gr,

k=m

-1 FFA)m, = Gy (0)Fu) — Gy (W)FY)

k=m
(220 — GYOF%- () + GLWFA- ),
for a, p = 0,1. It follows from (2.10) that
(2:21) G:+1F;? - G_,?“F: = —AU.

Some convergence properties of the {F;}, {G3} will be the subject of the next
two lemmas.

LEMMA 2.2.
0 if (2.4) converges,
lim F! = {
n=co Ao/HY if (2.4) diverges.
0 if (2.6) converges,
lim F) = {
n=—co — Ao/H® & if (2.6) diverges.

lim G! = —2,/0%; lim G2=10/Q°,.
n-*w B =00
Proof. The proof will be given for F 1 and G!; the other two results may be
obtained in a similar manner. For n = 1, by (2.12),

o 1 (1 1
R
0 ' o @ k=n H,}“ o} L,
(2.22)
1 -] 1 l l )» Ql
<] n 2 {__ }= o _ 0Xn ,
=7 H:+1 k=n Qllc l%+1 H:+1 H,}HQQIO
and by (2.15), (2.16),
b A A
F: = : (—/1 N Z T - 0 + 0 )
G\~ 2 maL, ot oL,

v

] ! 1 1 A0} A
—2s X Qs :___ _ } — foxs %o
0 k=n+1 SOlm |H} Hk1+1 HL QL H;lv+1

do _ Qs

~ HY HLQL
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Now, when n— oo, the upper and lower estimates both converge to the stated
limit for F!. It follows from (2.10) that for n > 1,

H, A A
1 _ Hpsy g1 0 _ %
(2.23) Gros ="9r Fo = 2~ r
Using the upper bound for F} obtained in (2.22),

G! <H:+1 '10_ /‘loQ:)_ﬁ)_=__f~_o_
"= o \Hi, | HL, 0L 0! ov

and therefore G! converges to — 1o/QL.

An important consequence of this lemma is that F2(u) G!(v) —» 0 as n - oo, and
that FO(u)GY(v) >0 as n— —oo. The other limits of the {F2} sequences
will exist only in certain cases. If Q7 exists, then lim,_, , F = Q% U, and if Q° ,,
exists, then lim,,_, F: =Q° U.

LEMMA 2.3. If o is an entrance boundary, then lim,_ G}, ) 0Lu) = 0;
if o is an exit boundary, then lim,, H}, (v)Fi(u) =0. The corresponding
limit relations are true at — oo, the correct superscripts now being zeroes.

Proof. Suppose infinity is an entrance boundary. Then (2.23) implies
G410} = Hj, (F} — A, which tends to zero by Lemma 2.2. It remains to prove
that Q!(u)/Q}(v) is bounded. On the other hand, if infinity is an exit boundary,
it follows from (2.22) that

200,

QL

Since the right hand side tends to zero, in this case it remains to prove that
H2(v)/H}(u) is bounded. This boundedness will be proved for the {H.} system
only, the result for the {Q}} being somewhat easier since Q,(0) may be used
as a normalization. Since

0< HyppyF, S Ao —

H:(v) *HY (s)
Hi(w) = & [ JHIO ds]

it will suffice to obtain bounds on H:'(s)/H!(s) which are uniform on a fixed
(u,v) interval. Differentiation of (2.3) yields

n—1 n—1

1 A1
H,f'(s)= Ele(s)nk +s Ele () e
H} (s)

b

—1
s X G(s)m + Ao
k=1

and it is now apparent that it will be sufficient to prove that 0 < Qx '(s)/Q}‘(s) <M.
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Since {Q}(s)} is an orthogonal system on — o <s <0 [5, p. 494], Qi(s) has
n — 1 distinct negative roots &,,&,,---,&,_,. Then

L At n—1 s
-2 I (1-%)
so that

(Q

0< Q '(S) n—1 1 < _n—l i_ l’(O)
Q) Sis-&T S & QN0

Summing the differentiated version of (2.3) leads to

n—1

Ql‘(o) kzl )»knk i=

0:(0) 0} (0)

urs

”!
[
ks

i=1

which completes the proof.

When the various limits involved exist, the following functions will be quite
useful:

A4(5) = Q502 o(8) — QU(IQL (), Ax(s) = HL 1(5)Qe(s) — Qo()H2 o(5),
A3(S) H (S)Q oo(s) Q oo(s)H (S), A4(S) = H!.m(S)Hgo(S) - }I:o(s)fl(i oo(s)'

The final two lemmas of this section are concerned with the positivity and
relative growth of these functions.

LEMMA 2.4. For all s>0, A,(s) >0, A,(s) > Ao, A3(s) > Ao, and Ay(s) > 0.

Proof. The first result follows trivially upon writing A, = Q%0%,U. The
others make use of (2.16), (2.17) and the bounds in (2.14). For example,

H!, 02 A
— 1 750 © o | __ 1 770 0
A=~ QLHC (175 QZ)‘ - 0u%, [1-(vo H‘le"_w)Ul]'

—0

The decreasing nature of the {—HC} sequence implies 4= — H} < — H2 , so
that Uy — 4o/H® 0% < Uy +1/Q% ,, < 1. Therefore

A, > -0 H (1 -U)>—H2, > 4.
LEMMA 2.5. Whenever the indicated functions exist, lim,,,1/A,(s) =0,
lim,_, , A,(s)/A(s) =0 and lim,., , Ai(s)/A4(s) =0 for i =2,3.

Proof. Writing the sum for U,(s) as in the convergence argument, it may be
seen that U,(s) < Ao/H3(s) so that U,(s) = o(1) as s — oo. Since Uy(s) = o(1) as
s — oo by a similar argument, it becomes apparent upon writing the A,(s) as in
the proof of the last lemma that
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A(5) = QL2 ()L +0(1)),  Ay(s) = — QL(HHZ (5)(1 + o(1)),
A3(s) = HL()02 () (1 + 0(1)),  Aa(s) = — HL(H (5)(1 + o(1)).

To complete the proof, it will suffice to show that lim,_, Q%  (s)/H® ,(s) =0
and lim,_, Q% (s)/H%(s) = 0.
Dividing (2.1) by 4,n, and summing,

Q:o(s)= - 1 H:+1(S)S 1 H:+1(S)
HL(s) =0 Ame HL(S) = 2o Am k+2(s)

Now the limit of the last series as s — oo is zero by dominated convergence, the
convergence of the series X.1/4,m, being a consequence of (2.4). The proof that
the other limit obtains is similar.

Ms

3. The minimal solution. Let P(t) be a solution of (1.1)—(1.5), and
@3.1) R(s) = J e~ "P(t)dt, s>0.
0
THEOREM 3.1. The transformation (3.1) establishes a one-to-one correspon-

dence between the set of all matrices P(t) satisfying (1.1)~(1.5) and the set of all
matrices R(s) satisfying

(3.2) —I + sR(s) = AR(s) = R(s)4,
3.3) R(s) = 0, sR(s)e < e,
3.4 (v — w)R(W)R(v) = R(u) — R(v),

where I is the identity matrix and e is a vector with all components equal to one.

This is a standard theorem and the proof will be omitted. A proof for the case
of unilateral birth and death processes is given in [3].

The sequence {r;} was defined in such a way that if = denotes the diagonal
matrix with diagonal elements 7, = 7;, then the matrix nA is symmetric. The
second equation in (3.2) may be written —I 4 sR=Rn 'n4, or —I+ sRT
=nAn"'R", or finally —n~! + st 'RT = An"'R”. Thus Rn~! and its adjoint
satisfy the same equation. This suggests the introduction of a symmetric Green’s
function as a solution of (3.2) for Rn~' and leads to

THEOREM 3.2. The general solution of (3.2) is given by

a,8=0 T

Jr |ee + z 2o0t), s

J { oie + ) Bor). i

a,8=0 g
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Proof. The final four terms in the above expression give the general solution
to the homogeneous version of (3.2). For, in order to satisfy this version, both
the rows and columns of Rz~ must satisfy the equation sQ = A4Q. To see that
the first term is a particular solution of (3.2), it will suffice to check the first
equation since the two are equivalent for self-adjoint versions of Ra~'. The
first equation is obviously satisfied so long as i # j. In this case, letting R de-
note the first term,

T
_1+sR® = —1+ﬁg?{mez_l—(mm)ez+ziQi‘+1}

= —14 (R0, + AT {Q.HQi Q?HQ.-‘} — (4R%,

where the last equality is a consequence of (2.10).

An examination of the behavior of the above solutions when i is large will
show that there is only one which satisfies (3.3) in the event that the {Qj}
systems diverge at both plus and minus infinity. To see this, write

1 o
R, = ,.‘{R +(—+R ) }
1 Q 11 Iy 01 Q}
for i = 1. Now if Q' diverges, the expression in braces must converge to zero

so that R;; = U,(Ry; + 1/u,). Considering also R;, and letting i = — oo as well,
four equations are obtained which determine R4, @, =0, 1, as

_U, _UyU, _U,U,, _Uo

(3'5) Rll - ;1_U, ROl - Wa RIO - )»OU s 00 — )'0 U
Substitution of these values into the general solution of (3.2) given by Theorem

3.2 leads to a distinguished solution which will now be studied more carefully,

THEOREM 3.3. The matrix R(s) with

; ’{;( SFOR®, =i
le(s) =

is a solution of (3.2)-(3.4).

Proof. It has already been shown that R(s) satisfies (3.2), and clearly R(s) = 0.
Let m <i < n; then by (2.19) and (2.21),
Fi ¢ F°
s

s i R = X Fin; + —s Zn‘. Fln;
j=m ! }'OU J=m 4 )'OU j=i+1 7

1
=1- 10—,,[F.-‘G& - F{G,,4].
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Letting m - — o0, n— oo, and applying Lemma 2.2,

© Fl FO
(3'6) sj=2_w Rij=1 —m—lTQ—olo—él
The verification of the resolvent equation (3.4) remains. Let m < i <j < n; then
by (2.20) and (2.21),

—t) T Ry(Ri(0) = Rifw) = Ry(0) + on(1) + 0D,
k=m

the final terms tending to zero as m —» — o0, n - © by Lemma 2.2, because they
involve terms of the form G2(»)F2_,(u) and G}, 1(v)F (u). A similar computation
may be made for i > j or the symmetry of Rz~' may be used to complete the
proof.

In the remainder of the paper, the notation R(s) will be used to refer to the
matrix of Theorem 3.3; when referring to an arbitrary solution of (3.2), R*(s)
will be used. It will be convenient to write

3.7 R*(s) = R(s) + D(s)=,
where Dz must satisfy the homogeneous version of (3.2) so that
l .
(3.8) Dij = E o DagQ?Q’;-
a,p=
Now, let

1 1

B; = X D,H C; = X HiD,;
a=0 =0

When R* satisfies (3.3) the sequence {D;;} is bounded in i for fixed j, and the

sequence {B;;} is bounded in j for fixed i since it is essentially the summed form

of Di,‘nk.

LeMMA 3.1. In order that R* satisfy (3.3), it is necessary and sufficient
that D = 0 and

F} F?
—_t >
oo, T ugr Pt I Bu 20
Proof. It is clear that D = 0 implies R* = 0. If R* > 0, then for i 2 j, i 20,
[
+Dy; + Q‘l Dy,

Dividing by =,Q; and letting i > oo yields D,; — U,D,; = 0. A similar argument
at — oo gives the inequality —U,D;; + Dy; = 0. An application of Lemma 2.1
now shows that D;; = 0. If R* satisfies (3.3), then for m <n

FiF;
* __ 1) 2ivJ
0 é Ru - ani }. UQI
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n—1
By —Bp=s5X Dym, 2 0
k=m
so that {B;;} is a nondecreasing sequence in j. Furthermore, this sequence is
bounded for fixed i as pointed out above, so lim,_,, B;, and lim,_, _ B;, exist.
Now, by (3.6),

© Fl FO
s Z R:‘; =1- U—Qoi-- —_— UQil + limBi,, — lim B,',.
j=— —o0 0 n— o n——o0

which completes the proof of the lemma.

THEOREM 3.4. If P*(t) satisfies (1.1)~(1.5), then P*(t) = P(t) where P(t) is
the martix whose Laplace transform is R(s).

Proof. Let R*(s) be the Laplace transform of P*(t). Then, by Lemma 3.1,
R* = R and by induction R*" = R". It is a consequence of (3.4) that

2 [R¥5) ~ RO = (=1 n1[R**) — K™ (5]

so that R*(s) — R(s)is a completely monotonic function. Therefore P*(t) — P(t) 20.

This theorem shows that P(t) is the minimal solution of Feller. The minimal
property makes it apparent that the solution of (1.1)~(1.5) will be unique when-
ever the minimal solution is honest. (3.6) shows that this is the case whenever
each boundary is either entrance or natural. However, the minimal solution is
the unique solution in other cases, which is the subject of

THEOREM 3.5. In order that there is one and only one solution of (1.1)=(1.5),
it is necessary and sufficient that one of the following conditions is satisfied:

(1) One boundary is natural and the other is not regular.

(2) Both boundaries are exit.

(3) Both boundaries are entrance.

Proof. The sufficiency of the conditions will be proved here. The necessity
follows from the construction of the general solution in all other cases which
is given in Theorems 4.1-4.5.

Let P*(t) be a solution of (1.1)-(1.5) and R*(s) its Laplace transform. When
any one of (1), (2), or (3) hold, then either {Q%} diverges at both plus and minus
infinity or else {H} does. Suppose the {Q3} systems are diverging. Then, since
R*(s) is given by (3.7) with {D;;} bounded in i,

0

9 D
Pus* gy Do

g SA_'I_.

“lor = o

Letting i > co, D,; = U,D,;. A similar argument at — oo gives the relation
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Dy; = UyD,;. Combining these results, D, ;U = 0, and therefore D, ; =0, Dy; =0,
and D;; = 0. But this implies R*(s) = R(s) and P*(t) = P(t). If, on the other hand,
the {H;} systems are diverging, then the boundedness of {B;;} in j implies
D;; =U;D;, and D,y = UyD;; by (2.16) and (2.17). The remainder of the argu-
ment proceeds as above.

The same type of argument shows that P(¢) is the unique solution of (1.1),
(1.3)-(1.5) when both boundaries are either entrance or natural. Considerations
of this type will not be pursued here, but this result is of importance as it is
sometimes undesirable to assume the equation (1.2).

4. The general solutions. In the event that Qg and Q% exist, D;; is well
defined for i, j= + oo. If, in addition, the limits HZ and H% , exist, then
B,;, C;; are also defined for i, j = + co. Whenever the appropriate functions
exist, the following identities may be easily established:

AlDlj = Q(looDooj_Q?oD—ooj’ AIDOj = QioD—ooj_QiooDooj’
4.1)
ADy = Q(—)aoDiao - ngDi—oo’ ADyy, = Q:oDi-—oo - Ql—wDiw-

Substitution of these into the definitions of B;;, C;; yields

Alcooj = A3Dooj_)'0D—oo_]’ Alc_wj = }'ODooj—AZD—'coj’
4.2)
AlBioo = A3D,, — )°0Di—oo’ AB;_, = AODioo — AD; .

These identities will be useful in the proof of Theorem 4.1.
Let

. _ Fi(v)GA(v) Fi(u)F5_ (u)
Miﬁ.(u,v) = ( C,i(v) + W) (Di,n—l(u) + W)

Fi(0)F5_,(v) F(u)Gh(u)
- ( D1 i) + AOU(vl) )(B‘"(“)+ iloU(u) )

and M;(u,v) = lim,, , M{n(u,v) — lim,, _, M} o(u,v) whenever the limits exist.
This leads to

LEMMA 4.1. In order for the resolvent equation (3.4) to be satisfied by a
matrix R*(s) having the form (3.7), it is necessary and sufficient that M; (u,v) = 0.

Proof. It follows from (2.9) and (2.21) that for m < i, j <n,
(v—u) kz Ri’;(“)R:j(v) =(v—u) X Ry ()R, j(v) — m;D;;(v) + n;D; (u)
=m k=m

+ (MY a1 (u,0) — Mja(u,0)) + 0,(1) + 0,(1),

the final terms tending to zero as m - — o0, n —» o0 by Lemma 2.2. At the same
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time the first three terms on the right tend to Rj(u) — R}j(v) by Theorem 3.3
and this completes the proof.

THEOREM 4.1. If both plus and minus infinity are regular boundaries, then
R*(s) is a solution of (3.2)(3.4) if and only if it is given by (3.7) and (3.8) with

-1 P a @ @ [3
Diceiiny = 10205 + 150108 4 1u(QLHE - 02 HE )

— 750%.0% - vGQ‘;Q’.w],
for a,f=0,1, where

4
D = kz_:l Ay — (s + 76) dos

and the y; satisfy

6
Y273 = Y1¥4 + VsVes kz_:l Pk 1;
e =20, k=1,4,56; 7y, 2 755 Y32 Ve

Proof. For the purpose of the proof the functions

_ V341 + 744, _ 7541 + Vaho,
Daoco - D ’ Doo-oo - D >

_ YeAi + Valo. C 7245 + 7445
D-wd) - D b D—oo—-w - D

will be used. These functions are obtained from those stated in the theorem
using (3.8), while (4.1) guarantees that they also determine the D;;.

It has already been seen that the form (3.7)-(3.8) is the general solution of
(3.2). An application of Lemma 2.1 to the conditions stated in Lemma 3.1 shows
that (3.3) is equivalent to

43)  Dy20,af=+w; 1-B,+B, o20, 2=t

In the same way, the preceding lemma gives the equivalence of (3.4) and
M ,4(u,v) =0 for a,f = + .

Now let R*(s) satisfy (3.2)=(3.4). The solution R(s) is given by y; =1, ., =0
for k # 1, so it will be assumed that R*(s) # R(s). Then for some i, j, So, D;;(S0) > 0
so that at least one of D,4(s,), @, f = + oo, must be positive. Let dyp= D,4(50)>
a4, B= £ 0; Cup=Cop(50) = 0op and c_ 5= C_ p(S0) + 09— for p= £ co.
Then M ,4(s,s0) =0 is

cooﬂDGoo - dooﬂ(Baao - 6aao) - c—ooﬂDa—ao + d—ooﬂ(B -0 T 5«-@) =0,

for a,f = + co. Substituting the values of the B’s given in (4.2), the system
becomes
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A Ao A A
(cwﬂ—'dwﬁ"A—:"‘l' d_wﬂTl) Daao + (dooﬂ TOI—C_wp—d_wp'Z—f—) Da—oo

= - 6aoodooﬂ — Op-od- of*
If
1= Co-0C-ww " CaoC~o0—cos Y4 = dooood—eo—a)—doo—cod-a)oo’
Y2 = coo—ood—oooo—cooood—co—cw Ys = Coo-oform = Corooloo - o>
Y3 = c—oo—oodooco—c—cocodoo—oo’ Y6 = c—oo—ood—wco_c—oowd-ao—co’
then these equations become
DDoooo = 73A1 + '))4A2, DDao-oo = )’5Al + y4)"0a
(4.9
DD_ o = V6A;+7V4ho DD__o = 7,41 + 7445,
with D as in the statement of the theorem. The identity A,4; — A2 =A,4,
has been used to simplify the expression for D.

Suppose that y, # 0. Since multiplication of all the y; by a constant does not
change (4.4), y, may be taken to be positive. Then the left side of each equation
in (4.4) is non-negative for sufficiently large s by Lemma 2.5. But ys4, + y,4,
is non-negative for large s only if y5 >0, and this implies ysA4, + y,4, never
vanishes. Therefore D does not vanish and it only remains to check the condi-

tions on the y;. As before, the non-negativity of the D,; implies y5 = 0, y¢ = 0.
Using the relations in (4.2),

1=Byy+By-o = (73 — Y6)do +l'))’1A1 + (y2 — v5)4,

@.5)
1—B___+B. . =Q277h 0 + (s = 194s

D

M 4 o(u,0) = WID(U) [Al(“)Az(”)—Az(“)Al(v)] (V174 +75Y6 — 7273)-

An application of Lemma 2.5 here, recalling that the first two expressions are
non-negative and the third identically zero, yields y, — y5 2 0, y3 — y¢ = 0, and
Y2¥3 = Y174 + VsVe. Writing the last equality as y;y, = 9,73 — 7576 shows that
71 2 0 since y, > 0. Finally the sum of the y; is positive and may be taken to be
one after multiplying all the y; by a positive constant. '

Ify, = Oand D(s) vanishes for some s > 0, then from (4.4),y, = y; = y5 = y5 =0.
But if the c,p are expressed in terms of the d,; using (4.2) in the definitions of the y,,

A3(so) Ay(so)
= =7 +d—oo—oo; = - +doooo;
Y2 4,(s0) Ya VE) 4,(50) Y4

- Ao ) _ Ao
Ys = ’m}’tt + doo-—ao’ Y6 = — Tso)y‘t + d—oooo'
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But this results in the contradiction that all the d,; are zero. Thus D(s) has no
zeroes and the remainder of the argument is as before with the exception that
since y, is now zero, the non-negativity of y, must be obtained in a different
manner. In the present case

0 = 7,73 —7s¥6 = (y2 = 7s)(¥3 = V6) + 75(¥3 — ¥6) + (v2 — ¥5)7s

2 (y2—75)(¥3—76) 20,

so that (y, —ys)(y3 — 76) =0. If y, —y5 =0 the first expression in (4.5) will
be negative for large s unless y; = 0, while if y; —y5 =0, a similar argument
applies to the second expression.

Suppose R*(s) is given by the representation stated in the theorem. Then

D ={(y; = 75) + (13 — V) }ho + 7141 + 72(A; — o) + 73(A3 — Ag) + 7444

and thus D is positive for all s>0. The D,; and the first two functions in
(4.5) are now clearly non-negative and the M,qz(u,v) vanish identically for
o, B = + oo since each contains as a factor y,y, + ys¥¢ — 7273 These conditions
then imply that R*(s) satisfies (3.2)—(3.4).

The theorems giving the general solution for other combinations of bound-
aries will now be stated without proof. The proof, in each case, is a combination
of the type of proof used in the uniqueness theorem with the type used in Theorem
4.1. Also Lemma 2.3 plays an important role when entrance or exit boundaries
are present.

THEOREM 4.2. If plus infinity is an exit boundary and minus infinity a
regular boundary, then R*(s) is a solution of (3.2)—(3.4) if and only if it is given
by (3.7) and (3.8) with

D ._g_"_l_)_aﬁ[ 0204 — 950 ,0%]
1-a,1-p — DAI Y2l w0l V5% -0

for a,=0,1, where D = — ysAq + 7,A; + y,A, and the y; satisfy

y1+12+9s=1 20, y520, =y

THEOREM 4.3. If plus infinity is an entrance boundary and minus infinity
a regular boundary, then R*(s) is a solution of (3.2)~(3.4) if and only if it is
given by (3.7) and (3.8) with

(’_1)¢+ﬂ a 178 a nB
Dl—a,l—p = DA, [74HeoHeo - ')’6HooQ—oo]

for a,p=0,1, where D = — ygo + 7343 + 7444 and the y,; satisfy
Y3t+vatrs=1 7420, 7120, 7y3Z7

THEOREM 4.4. If plus infinity is a natural boundary and minus infinity a
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regular boundary, then R*(s) is a solution of (3.2)~(3.4) if and only if it is given
by (3.7) and (3.8) with
Dap = 72D—1Ua1‘+ﬁ
fora, B=0,1, where D =UQ° _ (y,UQ°% . —7,G_,) and
n+r2=1, 720, 7,20

THEOREM 4.5. If plus infinity is an exit boundary and minus infinity an
entrance boundary, then R*(s) is a solution of (3.2)-(3.4) if and only if it is
given by (3.7) and (3.8) with

Dy = ?sD_lU})_aUq
for a, =0, 1, where D = U(—yshy + 7,4,) and
Y2+ys=1, 9520, y,27s.
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